We present a calculation of H + j at NLO including the effect of a finite topmass. Where possible we include the complete dependence on m t . This includes the leading order amplitude, the infrared poles of the two-loop amplitude and the real radiation amplitude. The remaining finite piece of the virtual correction is considered in an asymptotic expansion in m t , which is accurate to m −4 t . By successively including more m t -exact pieces, the dependence on the asymptotic series diminishes and we find convergent behavior for p H T > m t for the first time. Our results justify rescaling by the m t -exact LO cross section to model top-mass effects in EFT results up to p T of 250 to 300 GeV. We show that the error made by using the LO rescaling becomes comparable to the NNLO scale uncertainty for such large energies. We implement our results into the Monte Carlo code MCFM.
Introduction
The standout result from the first run of the LHC was the discovery of a Higgs boson [1, 2] . The continued exploration of the physics associated with the Higgs defines one of the key goals of the current run of the machine (Run II). During Run II a much larger data set will be accumulated than that used to initially discover, and study, the Higgs. Accordingly current and future analyses will be able to significantly extend our understanding of the Higgs, and hence the mechanism by which the electroweak symmetry is broken.
Studies of the Higgs boson during Run I were primarily limited to its inclusive properties [3, 4, 5, 6, 7, 8] . Over a range of production and decay channels good agreement (∼ 10-20%) with the predictions of the Standard Model (SM) was found. With the successful completion of the N 3 LO inclusive Higgs cross section [9, 10] the theoretical errors associated with these measurements should be significantly reduced. In addition to inclusive studies, a major advantage of Run II is the ability to study the Higgs differentially with far greater accuracy than that obtained in Run I [3, 11, 12, 13, 14, 15, 16, 17] .
Apart from the intrinsic interest in understanding the only known fundamental scalar, there are strong motivations to understand the Higgs as a tool to discover or constrain Beyond the Standard Model (BSM) physics. The Higgs boson may not be exactly as predicted by the SM: BSM physics could occur, for instance, through extended Higgs sectors (which are possibly in an alignment limit such that the 125 GeV Higgs is SM-like), or through anomalous interactions induced by heavy new particles. The Higgs may couple directly to BSM particles such as top-partners or through portal interactions to scalars associated with additional sectors. Many of these situations are best constrained by investigating the Higgs at higher transverse energies [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] , where the BSM effects can become more apparent than in the inclusive result.
Current precision results for N 3 LO Higgs inclusive [9, 10] , NNLO Higgs plus jet [29, 30, 31, 32] and NLO Higgs plus multi-jets [33, 34, 35] are available in the Effective Field Theory (EFT) limit in which the top quark is integrated out. This is because the technical complexity associated with including the exact top quark loop is significantly greater than for the corresponding calculation in the EFT. For the Higgs inclusive cross section, the exact top mass dependence is known at NLO [36, 37, 38] . Although no exact result is available, the top-mass effects for inclusive Higgs production at NNLO have been computed using an asymptotic expansion [39, 40, 41, 42, 43] and matched to the high energy limit [44, 45, 46, 47] . As a result, the effect of the top-mass was estimated to be at the percentage level on the inclusive cross section. For the Higgs plus one-jet topology currently only LO is known exactly [48, 49] . Additionally, LO predictions are available in the full theory for Higgs plus two [50, 51] and three [52, 53] jets. Combining the various jet topologies with the exact top mass dependence into a matched parton shower framework has also been studied recently [54, 26] . While the analytic calculation of 2 → 2 two-loop amplitudes including the top mass and an external massive boson remains a formidable challenge, exciting recent results using numerical methods to evaluate the two-loop master integrals have been employed to calculate di-Higgs production including the exact top mass at NLO [55, 56] . Finally, top mass effects using the high energy behavior for Higgs plus jet have also recently been studied [57, 58] .
We therefore find ourselves in a rather unappealing situation in that, while the EFT works extremely well for inclusive rates and differential predictions at low scales, differential studies which probe scales ≥ m t are exposed to large theoretical uncertainties due to the low perturbative order of the full theory results. To estimate the impact of higher order corrections in the full theory, an asymptotic series in m −2 t was computed [59, 60] . For Higgs transverse momenta p T up to scales m t finite top mass effects could be estimated to be at the few percent level. However, in the region of larger p T , which we are primarily interested in here, the series rapidly diverged. The principal aim of this paper is to significantly extend the range of validity of the asymptotic series approach, allowing for finite top-mass predictions and more general statements regarding the top mass effects to be inferred. This can be achieved by using, where possible, the full top-mass dependent amplitudes. Given that the process is at NLO, the infrared (IR) poles of the two-loop amplitude (and associated finite pieces) are already known. We will therefore minimize the dependence on the asymptotic series by only using it to compute the finite part of the two-loop virtual amplitude. Our results will be made available in the Monte Carlo code MCFM [61, 62, 63] .
Our paper proceeds as follows: In section 2 we discuss the setup of our calculation and Figure 1 : Representative Feynman diagrams for the production of a Higgs boson plus one jet at LO (left) and NLO (center, right). The NLO corrections include twoloop "virtual" topologies (center), and one-loop Higgs plus two parton "real" topologies (right).
detail the exact dependence on the asymptotic series. In section 3 we present our results and compare them to various approximations currently used in the literature. Finally, in section 4 we present our conclusions.
Calculation
In this section we discuss the technical details of our calculation and introduce different approximations that have been used to model finite top-mass effects. For illustrative purposes, we show representative Feynman diagrams for the process under consideration in fig. 1 . Including the effect of the top-mass in the full theory, the LO calculation corresponds to that of a one-loop amplitude. Given the relative simplicity of this calculation, results have been known for some time [49] (see also refs. [64, 65] for a modern discussion, from which we take the LO amplitudes and tensor structures [64, 66] ). The NLO corrections to this process, represented by diagrams such as those in the center and right hand side of fig. 1 , are considerably more complicated. The real corrections mandate the inclusion of the Higgs plus four parton amplitudes. This calculation was first performed in ref. [50, 51] , studying the top mass effects on Higgs plus two jet production. For the NLO calculation, the presence of the second parton as a jet is not required, and the single unresolved limit of this amplitude is readily explored. Therefore, the computation of this amplitude requires care to ensure numerical stability.
The two-loop virtual corrections, illustrated in the center of the figure, are the most technically challenging part of the calculation. Techniques required to reduce the system to master integrals which can be analytically solved are not yet mature enough to handle tasks of this complexity. However, recent progress using numerical methods to evaluate similar master integrals for di-Higgs productions have recently produced phenomenologically usable results [55, 56] . On the analytic side an analytic NLO calculation of H → Zγ also marks some progress [67] .
Since our calculation is performed at NLO, we can write the two-loop amplitude as
In the above equation s, t and u are the Mandelstam variables associated with the partonic kinematics, m t and m H are the masses of the top quark and Higgs boson, respectively. The partonic structure of the amplitude is defined by j, where j = g refers to the gggH amplitude and j = q to qqgH. In terms of these quantities the above equation states that the two-loop virtual amplitude can be written as a function I j 1 ( , s, t, u) which multiples the one-loop amplitude and a second function F in j (m t , m H , s, t, u) defining the remaining pieces. Crucially, all the IR poles are contained in the I 1 piece, such that F in j is finite. This IR divergent piece can be obtained from the general structure of QCD amplitudes, [68] . Therefore, the unknown part of the two-loop virtual amplitude corresponds to the F in j term.
Given that F in j is currently unknown, it is worth discussing the various approximations one could employ to attempt to quantify the effect of the top quark mass. Since the EFT results are known to an impressive NNLO accuracy, a natural thing to do is to use the EFT result rescaled by the ratio of the LO full theory result to the LO EFT result, that is
This rescaling will always work at the level of the total cross section, but complications arise when more differential quantities are considered. In general it is not possible to perform this rescaling fully-differentially, since a higher order phase space in the EFT requires a mapping back to the Born phase space of the rescaling. However, after completing the calculation one can rescale an observable by the ratio
This allows one, for instance, to obtain top mass improved p H T or y H distributions. Such an approach was pursued recently [69] . This methodology has two potential drawbacks: Firstly, the ratio may not be defined over the full range of the observable phase space. For example if a jet is required in the final state, the region p H T < p jet T is non-existent at LO. Therefore, in this region no rescaling can be defined, and a discontinuity in the observable definition is introduced at the phase space boundary. Secondly, the precision of the NNLO calculation is impressive, and one may naturally worry that the LO nature of the rescaling introduces a comparable uncertainty given its low order in the perturbative expansion.
Therefore, a much more appealing rescaling would be
The study of this modified rescaling, and its comparison to the equivalent LO definition is a principal aim of this paper.
Aside from rescaling the EFT, one could attempt to compute the top mass effects as accurately as possible with existing tools. At high p H T , one expects contributions from H + 2j to be significant. This piece can be computed exactly in the top mass and, therefore, one can set up a calculation which includes these contributions: they constitute the real part of the calculation, such that only the virtual part needs to be approximated. Clearly in order to have a sensible prediction all poles must cancel. This can be done for instance by rescaling the virtual pieces, by the LO ratio. Since the virtual and LO part share the same phase space, this can be performed pointwise. After rescaling, the IR poles cancel and one effectively defines
Such an approach was undertaken in ref. [54] .
An alternative approach to rescaling is to attempt to quantify the top mass effects in F in j approximately with an asymptotic series expansion [70, 71] in Λ/m t , where Λ can be any kinematical scale of the process. This approach has the advantage that it quantifies the impact of the top mass directly at NLO, but suffers from the disadvantage that such series typically diverge at energy scales Λ comparable to the top quark mass m t . In this approach one has some freedom in whether the amplitude or the matrix element gets expanded asymptotically. Specifically we define two terms,
and
In the above equations, [ ] asy refers to the terms which are asymptotically expanded. In the RI term the full interference is asymptotically expanded, whereas in the SI term only the IR finite parts of the two-loop amplitude are asymptotically expanded.
Calculation Details
The necessary ingredients for our calculation can be split into two groups corresponding to the real and virtual parts of the calculation. We calculated the Higgs plus four parton loop amplitudes which fully include the effect of the top quark using unitarity techniques outlined in refs. [72, 73] 1 . To validate our analytical calculation, we compared it to results obtained using an in-house implementation of the D-dimensional unitarity algorithm presented in ref. [75] .
The asymptotic expansion [76, 70, 71] of the two-loop virtual corrections has been performed with the exp/q2e [77, 78, 79] codes: the massive one-and two-loop tadpoles were computed with MATAD [79] and massless one-loop integrals were reduced to scalar master integrals with Reduze [80] 2 . To extract the finite piece from the asymptotically expanded result, we subtract the relevant asymptotic expansion of I
j (m t , m H , s, t, u). The IR poles are then restored in the full theory by replacing these terms with their exact counterparts.
The IR singularities associated with the real and virtual pieces are regularized using CataniSeymour dipole subtraction [68] . Both the integrated dipoles and real subtraction pieces are defined with the full top mass dependence. The massive scalar master integrals, needed for the evaluation of the matrix elements, are computed with QCDLoop [81, 82] . All parts are assembled in the MCFM framework. For singular regions in the real emission we dynamically switch between double and quad precision.
Results
The principal aims of our study are to significantly extend the range of validity of the asymptotic series approach, allowing for finite top-mass predictions, and to investigate the validity of using born rescaling schemes as indicated in section 2. In the first subsection we compare our improved predictions to the full asymptotic series as previously calculated in the literature. The foundation of our study is based on Higgs p T distributions, where the Higgs can be produced either inclusively or with associated jet requirements. Concerns regarding missing threshold effects in the asymptotic series are also addressed. Subsequently we introduce different EFT rescaling approaches taken in the literature and evaluate their validity. Finally we present some Higgs+jet phenomenology using our recommended predictions. Our input parameters are m H = 125 GeV for the Higgs boson mass, m t = 173.5 GeV for the on-shell top-quark mass, and µ R = µ F = m 2 H + p 2 T,H for a common renormalization and factorization scale. We use CT14 PDFs [83] at NLO accuracy for the NLO cross sections and at LO accuracy for the LO cross sections. Except for the Higgs inclusive cross sections, and unless specified otherwise, we use the anti-k T jet algorithm with p min t,jet = 30 GeV, |η max jet | = 5 and R = 0.5.
In order to be as conservative as possible we use a center of mass energy √ s of 14 TeV which we consider to be the worst case scenario with respect to finite top-mass effects for the asymptotic series. This is because the expansion is effectively in Λ/m t , and the kinematical scales Λ grow with √ s. Further, the type of experimental analysis which will be particularly sensitive to the high p H T region will require a large amount of data. Such a large data set is most likely to be accumulated during prolonged runs at the maximal design energy of 14 TeV.
Dependence on the asymptotic series
Our first results, for the inclusive Higgs p T spectrum, are presented in fig. 2 . Since the predictions are inclusive, no jet requirement is imposed, we simply require a Higgs boson with p H T ≥ 30 GeV. Shown in fig. 2 are three successive predictions which treat the correction in different approximations. From left to right the number of terms which are asymptotically expanded diminishes. In the leftmost panel the calculation is fully in the asymptotic series (and corresponds to a re-calculation of the existing literature result [59, 60] ). The dependence on the asymptotic series is readily apparent. The m The second (central) plot in fig. 2 displays the (new) prediction obtained with the real pieces computed exactly in the top mass, and the virtual pieces computed in the RI formalism described in section 2, which we recall corresponds to the full interference being asymptotically expanded. It is immediately clear that, when compared to the full asymptotic expansion discussed previously, the dependence on the order in the asymptotic expansion is dramatically reduced. An additional pleasing feature apparent in this plot is made clear upon inspection of the lower panel, which presents the ratio of the m t is around a few percent. However, the inclusion of the next term in the asymptotic expansion does not significantly change the result in the region p H T < 100 GeV. Beyond this scale the predictions again begin to differ significantly from one another. However, we postulate that in the region p H T < 100 GeV the closeness of the two curves indicates a converging asymptotic series, and thus deviations from the exact top mass prediction should be essentially zero. A potential fly in the ointment arises from threshold effects, which are not modeled by the asymptotic series. We will address this issue shortly, but for now we use the smallness of the difference between the m −2 t and m
−4
t terms to define a region of convergence. Inside this region we postulate that our prediction will accurately capture the top mass effects. For the RI prediction in the central panel, this corresponds to p H T < 100 GeV.
The final (right) panel in fig. 2 presents the SI prediction defined in section 2. For this prediction, only the amplitude for the finite part of the two-loop virtual is obtained in the asymptotic series. The improvement from the central panel is clear, the differences between the m −2 t and m −4 t are even smaller. The region of convergence is significantly extended from around 125 GeV for the RI prediction to around 250 GeV. Crucially, this is the first prediction which extends the region of convergence beyond p H T > m t GeV. We therefore have obtained a prediction which captures the top mass corrections in a stable way beyond the scale in which the EFT breaks down. This prediction therefore represents our best prediction in terms of the small dependence of the order of the asymptotic series. Even in the largest bin the dependence is around 8%, which is still smaller than the NLO scale variation (around 20% which we study shortly). Going forward, we refer to this prediction as NLO * .
Threshold effects
As briefly mentioned in the previous section, there could be non-negligible threshold effects that are not described by the asymptotic expansion in the convergent region. To address this issue we study the invariant mass spectrum of the Higgs plus hardest jet system ∆σ/∆m H,j . 3 This distribution is shown in fig. 3 at LO. Since the threshold effects are rather small, they are not visible in the absolute distribution in the upper panel of the figure. Instead one has to look at the ratio to the EFT, which contains no finite top-mass effects at all, and thus no threshold effects. In this way any threshold effect will be visible as an increased cross section at m H,j 2m t . As evident from the plot, the asymptotic expansion correctly converges to the m t -exact result up to the threshold region beginning at ∼ 300 GeV. The one-loop box diagrams lead to a clean threshold effect.
At NLO we take into account the full top-mass dependence of the born piece, the real radiation and all infrared associated pieces of the virtual corrections, as well as the born part of the virtual corrections. The only part where threshold effects are missing are the finite parts of the two-loop integrals entering the virtual corrections, since they are taken in the asymptotic expansion.
We show the NLO * ∆σ/∆m H,j distribution in fig. 4 . Again, in terms of the absolute distribution, as shown in the upper panel, the threshold effects are too small to be visible. Therefore, we consider the ratio to the EFT result in the lower panel. With solid lines we show our NLO * results, whereas with dashed lines the results of the full asymptotic expansion are displayed. The green dashed curve shows the LO/LO-EFT rescaled NLO-EFT result. Since latter is used as a normalization, the green dashed curve in the lower panel coincides with the m t -exact black curve in the lower panel of fig. 3 .
Firstly, let us note that we see convergence of the asymptotic series for our NLO * result over the whole mass range considered. As expected, since we take into account all those m t -exact pieces as stated previously, we see an enhancement in the region of 350 GeV. It is also evident that the full asymptotic expansion does not model the threshold effects at all. Our improved result however does show features of a threshold. This alone does not allow us to draw conclusions about the threshold effects we miss through the finite piece of the two-loop integrals, but the comparison with the LO rescaled EFT result does:
The LO rescaled EFT result shows threshold effects of a similar magnitude and shape. We also note that the real radiation has a significant impact on the observable, softening the spectrum. In summary, we are satisfied that we capture the dominant threshold effects and that any deviations induced by the missing finite two-loop virtual amplitude should be minor.
EFT rescaling approaches
In this subsection we compare various EFT rescaling approaches to our improved NLO * results. We investigate the difference with respect to an overall rescaling of the virtual EFT piece as outlined in eq. (5) (for notational convenience we refer to this as NLO † ) and consider the ratios NLO * /NLO-EFT, NLO † /NLO-EFT and LO/LO-EFT.
Since NLO * and NLO † only differ by their treatment of the finite virtual piece (c.f. eqs. (5) to (7)), we therefore focus on the difference in this piece only for now. Our results are presented in fig. 5 as a ratio of our NLO * predictions to the NLO † one. For Higgs p T less than 225 GeV the difference stays below 2%. Given that previously the rescaling employed by the NLO † prediction was an uncontrolled approximation, our new results validate this rescaling in the region of asymptotic series convergence.
We now turn our attention to the EFT rescaling options. For example in ref. [69] the LO/LO-EFT rescaling has been used to take into account top-mass effects at NNLO. With our improved NLO * result we are able to justify this by studying the NLO rescaling NLO * /NLO-EFT. We examine the various rescaling ratios in fig. 6 for the Higgs inclusive p T spectrum. In the upper panel the ratios are shown directly, whereas in the lower panel the ratio of the NLO * and NLO † rescaling ratios to the LO rescaling ratio are given. Any deviation from one indicates an error by just using the LO rescaling method to include top-mass effects. Up to 225 GeV the asymptotic series converges well and the ratios differ by less than three percent. Beyond 250 GeV the series clearly begins to diverge.
Note that although at 300 GeV the dependence on the asymptotic series reaches a few percent, the overall trend is to provide a somewhat larger rescaling ratio than the LO prediction. At 300 GeV an increase of at least 3-4% is indicated, being comparable to the NNLO scale uncertainty of 8% [69, 32, 29] . This is in agreement with the NLO † approach, which also suggests a reweighting leading to a harder p T spectrum.
Our recommendation is to take into account the O(m −2 t ) terms for our NLO * prediction. They capture the finite top-mass effects for low to medium p T where the asymptotic series converges, and mimic the NLO † approximation toward higher p T . This will be the default setting for the upcoming MCFM release that includes Higgs+jet at NLO * accuracy.
To consider a case where a LO rescaling is not possible smoothly, we now study the Higgs p T distribution with an additional minimum jet transverse momentum requirement p min spectrum. The upper panel shows ratios directly, while the lower panel displays the ratio to the LO ratio to give an estimation of the error made by using the LO rescaling scheme. The solid lines are locally weighted scatterplot smoothing curves to guide the eye.
respectively. For comparison the NLO † approach is included again. Additionally, the LO rescaled full EFT result is included in purple. Note that for Higgs p T smaller than the minimum jet transverse momentum p min T,jet this rescaling breaks down, or is rather ill defined. Comparing both rescaling approaches with the NLO * prediction, we observe that they underestimate the mass effects by a few percent at high p T . For 400 GeV the two rescaling approaches differ already by 4%, being comparable in size to the NNLO scale uncertainty. Again we recommend using the O(m −2 Finally, to see how far our NLO * result can improve predictions for p T inclusive observables we consider the Higgs rapidity distribution in fig. 8 . Throughout the whole range of rapidities the higher orders of the asymptotic expansion coincide within 0.5%. For large rapidities they coincide within the numerical uncertainty. Comparing this with the approach of LO rescaled virtual corrections NLO † , we observe a discrepancy of 0.5% to 1%.
Higgs+jet NLO* phenomenology
In the previous subsection we have shown different approximations for Higgs+jet observables which take into account top-mass effects and discussed their limitations. We argued taking the O(m −2 t ) mass corrections into account for our NLO * approximation as to get finite top-mass predictions up to scales of 250 GeV and reasonable predictions mimicking the rescaling behavior at higher energies. At energies above 300 GeV the remaining dependence on the asymptotic series becomes comparable in size to the residual NNLO scale uncertainty of 8% [69, 32, 29] .
To estimate the dependence on the perturbative higher order corrections for the Higgs inclusive p T distribution we show the variation of the factorization and renormalization
H by a factor of 2 and 1/2 in fig. 9 . The change of the central value by 20% for the NLO * cross section and 35% for the LO cross section confirms earlier results [84] . Similarly, we show the scale variation results for the Higgs rapdidity distribution in fig. 10 . To obtain the best prediction for H + jet observables we recommend taking the NNLO EFT results [69, 32, 29] and rescaling them by our NLO * /NLO-EFT K-factor to minimize the scale dependence and top-mass uncertainty. 
Conclusions
We presented a calculation of H+jet production at NLO accuracy with full top-mass dependence in all components as far as possible with current technology: only the finite part of two-loop amplitude entering the virtual corrections is taken in an asymptotic expansion in Λ/m t , where Λ can be any kinematical scale of the process. The convergence of the asymptotic expansion allowed us to predict the full top-mass dependence for transverse momenta smaller than 225 GeV and quantify a remaining uncertainty for higher energies.
Previous approaches to include top-mass effects for H+jet cross sections were, for example, to rescale the EFT result by the ratio of the m t -exact to the EFT cross section at LO. From a different point of view this equates to using the EFT K-factor for the m t -exact LO. Further approximations have been made, taking the two parton real emission m t -exactly into account and LO rescaling the fully EFT virtual corrections.
We validated the use of these LO rescaling schemes to a few percent for Higgs p T distributions up to 250 GeV and provide m t exact predictions using the higher order corrections 1/m 2 t , 1/m 4 t for scales up to 225 GeV. For energies larger than 300 GeV the estimated error made by using the LO rescaling scheme becomes comparable in size to the NNLO scale uncertainty of 8% and a full calculation of the two-loop integrals is advised. We recommend using our NLO * O(1/m 2 t ) corrections to make predictions over the full kinematical range: We believe they are very close to the m t -exact results for p T 225 GeV and mimic the LO rescaled virtual corrections scheme for larger p T . Alternatively one could consider a combination with the m t -exact high p T limit in ref. [58] . For sufficiently exclusive cuts, where no mapping to a born phase space is possible, an NLO rescaling, using for example our NLO * result, is needed.
To conclude, our NLO * approximation for Higgs+jet production gives top-mass improved results up to high kinematical scales of 300 GeV relevant for LHC Run II by including m t -exact parts as far as currently possible and by exploiting asymptotic expansions for the remaining two-loop integrals. Our work facilitates the construction of the best fixed order Higgs+jet observables, by rescaling the NNLO-EFT results with our NLO * /NLO-EFT top-mass corrections K-factor. 
